We introduce a unified approach to nuclear bound and continuum states based on the coupling of the no-core shell model (NCSM), a bound-state technique, with the no-core shell model/resonating group method (NCSM/RGM), a nuclear scattering technique. This new ab initio method, no-core shell model with continuum (NCSMC), leads to convergence properties superior to either NCSM or NCSM/RGM while providing a balanced approach to different classes of states. In the NCSMC, the ansatz for the many-nucleon wave function includes: i) a square-integrable A-nucleon component expanded in a complete harmonic oscillator basis; ii) a binary-cluster component with asymptotic boundary conditions that can properly describe weakly-bound states, resonances and scattering; and, in principle, iii) a three-cluster component suitable for the description of, e.g., Borromean halo nuclei and reactions with final three-body states. The Schrödinger equation is transformed into a system of coupled-channel integral-differential equations that we solve using a modified microscopic R-matrix formalism within a Lagrange mesh basis. We demonstrate the usefulness of the approach by investigating the unbound 7 He nucleus.
I. INTRODUCTION
One of the central goals of nuclear physics is to come to a basic understanding of the structure and dynamics of nuclei, quantum many-body systems exhibiting bound states, unbound resonances, and scattering states, all of which can be strongly coupled. Ab initio (i.e., from first principles) approaches attempt to achieve such a goal for light nuclei. Over the past fifteen years, efficient techniques such as the Green's function Monte Carlo (GFMC) [1] , ab initio NCSM [2] , Coupled Cluster Method (CCM) [3] [4] [5] or nuclear lattice effective field theory (EFT) [6] have greatly advanced our understanding of bound-state properties of light nuclei starting from realistic nucleon-nucleon (N N ) and three-nucleon (N N N ) interactions. On the other hand, a fully-developed fundamental theory able to address a large range of nuclear scattering and nuclear reaction properties is still missing, particularly for processes involving more than four nucleons overall. Better still, achieving a realistic ab initio description of light nuclei requires abandoning the "traditional" separated treatment of discrete states and scattering continuum in favor of a unified treatment of structural and reaction properties.
The development of such a unified fundamental theory is key to refining our understanding of the underlying forces across the nuclear landscape: from the well-bound nuclei to the exotic nuclei at the boundaries of stability that have become the focus of the next generation exper-iments with rare-isotope beams, to the low-energy fusion reactions that represent the primary energy-generation mechanism in stars, and could potentially be used for future energy generation on earth.
In the recent past, significant effort has been devoted to extend ab initio techniques to the treatment of dynamical processes among light nuclei [7] [8] [9] . To this aim, we introduced a new many-body approach based on expansions over fully-antisymmetric (A − a, a) binarycluster states in the spirit of the resonating-group method (RGM) [10] [11] [12] [13] [14] [15] , in which each cluster of nucleons is described within the ab initio NCSM [16] . The unknown relative-motion wave functions between pairs of clusters are obtained by solving a set of non-local integraldifferential coupled-channel equations and have appropriate bound-state and/or scattering asymptotic behavior. Capable of treating bound and scattering states of light nuclei in a unified formalism starting from the fundamental inter-nucleon interactions, the NCSM/RGM approach [8, 17] has been successfully applied to a wide variety of binary processes, such as nucleon- 4 He and n− 7 Li scattering [18] , 7 Be(p,γ) 8 B capture [19] , d− 4 He scattering [20] , 3 H(d,n) 4 He, and 3 He(d,p) 4 He fusion [21] , and an extension to the treatment of three-cluster dynamics is under development [22, 23] . At the same time, these studies have highlighted practical limitations of the approach mainly related to a non-entirely efficient convergence behavior at short-to-medium distances, as discussed in the following.
Two kinds of convergence patterns have to be taken into account when performing a NCSM/RGM calculation. First, one has to investigate the dependence on the size of the harmonic oscillator (HO) basis used to expand the NCSM eigenstates of the clusters and localized components of the couplings between binary-cluster states. This size is characterized by N max , the maximal number of HO excitations above the lowest possible configuration of the clusters. With soft similarityrenormalization-group (SRG) [24] [25] [26] [27] evolved chiral EFT N N interactions [28, 29] , employed in most NCSM/RGM calculations, HO basis sizes with N max ∼ 10−14 are typically sufficient to reach convergence and computationally feasible. Second, one has to study the convergence with respect to the number of clusters' eigenstates included in the calculation. While including only the ground state (g.s.) of the tightly-bound 4 He in nucleon- 4 He scattering calculations already leads to a very good approximation of the A = 5 scattering phase shifts [18] , the description of the low-energy 7 Be(p,γ) 8 B capture required taking into account the lowest five eigenstates of 7 Be [19] . The convergence with the number of clusters' eigenstates becomes even more problematic for weakly-bound clusters. Calculations with composite projectiles (the lighter of the two clusters) such as 2 H, 3 H, and 3 He, show that it is essential to take into account the virtual breakup of these systems even at energies much below the breakup threshold. Presently, this is achieved by including a large number of excited pseudostates [20, 21, 30] of the projectile. This in turn results in a dramatic increase of complexity of the calculations as a large number of channels are coupled.
In this paper we present a more efficient approach to nuclear bound and continuum states, the no-core shell model with continuum (NCSMC). We adopt an extended model space that, in addition to the continuous binarycluster (A − a, a) NCSM/RGM states, encompasses also square-integrable NCSM eigenstates of the A-nucleon system. Such eigenstates introduce in the trial wave function short-and medium-range A-nucleon correlations that in the NCSM/RGM formalism have to be treated by including a large number of excited states of the clusters. An analogous approach was suggested already in the original RGM papers [10, 11] . The idea behind the NCSMC was first mentioned in our review paper [31] and the formalism was succinctly introduced in Ref. [32] , where it was applied to study of the low-lying resonances of the exotic 7 He nucleus using an SRG-evolved chiral EFT N N potential that provides an accurate description of the N N system. Here, we give a detailed presentation of the formalism, discuss the results published in Ref. [32] , and present additional results.
In Sec. II, we briefly review the NCSM and NCSM/RGM approaches and then introduce in detail the NCSMC formalism. In Sec. III, we apply the NC-SMC to the exotic 7 He nucleus. We discuss calculations presented in Ref. [32] as well as additional results. Conclusions and outlook are given in Sect. IV. Parts of the formalism not suitable for the main text are presented in Appendix A.
II. FORMALISM
This section is dedicated to the formalism of the NC-SMC theory with a particular focus on the case in which the binary-cluster portion of the basis is given by a singlenucleon projectile in relative motion with respect to an (A − 1)-nucleon target. First, in Sec. II A, we briefly review the NCSM, then in Sec. II B we present useful background and expressions for the NCSM/RGM formalism. Finally, in Sec. II C we introduce in detail the NCSMC.
A. NCSM
The ab initio NCSM is a structure technique appropriate for the description of bound states or for approximations of narrow resonances. Nuclei are considered as systems of A non-relativistic point-like nucleons interacting through realistic inter-nucleon interactions, i.e., those that describe accurately two-nucleon and, possibly, three-nucleon systems. All nucleons are active degrees of freedom. Translational invariance as well as angular momentum and parity of the system under consideration are conserved. The many-body wave function is cast into an expansion over a complete set of antisymmetric A-nucleon HO basis states containing up to N max HO excitations above the lowest possible configuration:
Here, N denotes the total number of HO excitations of all nucleons above the minimum configuration, J π T are the total angular momentum, parity and isospin, and i additional quantum numbers. The sum over N is restricted by parity to either an even or odd sequence. The basis is further characterized by the frequency Ω of the HO well and may depend on either Jacobi relative or single-particle coordinates. In the former case, the wave function does not contain the center of mass (c.m.) motion, but antisymmetrization is complicated. In the latter case, antisymmetrization is trivially achieved using Slater determinants, but the c.m. degrees of freedom are included in the basis. The HO basis within the N max truncation is the only possible one that allows an exact factorization of the c.m. motion for the eigenstates, even when working with single-particle coordinates and Slater determinants. Calculations performed with the two alternative coordinate choices are completely equivalent.
Square-integrable energy eigenstates expanded over the N max Ω basis, |AN iJ π T , are obtained by diagonalizing the intrinsic Hamiltonian,Ĥ =T int +V ,
whereT int is the internal kinetic energy operator andV the N N or N N +N N N interaction. Convergence of the HO expansion with increasing N max values is accelerated by the use of effective interactions derived from the underlying potential model through either Lee-Suzuki similarity transformations in the NCSM space [16, 33] or SRG transformations in momentum space [24-27, 34, 35] . In this latter case, the NCSM calculations are variational. Finally, we note that with the HO basis sizes typically used (N max ∼10−14), the |AλJ π T eigenstates lack correct asymptotic behavior for weakly-bound states and always have incorrect asymptotic behavior for resonances.
B. NCSM/RGM
In the NCSM/RGM, the ansatz of Eq. (1) for the A-nucleon wave function is replaced by an expansion over antisymmetrized products of binary-cluster channel states |Φ J π T νr and wave functions of their relative motion
The channel states |Φ
contain (A−a)-and a-nucleon clusters (with a ≤ A) of total angular momentum, parity, isospin and additional quantum number I 1 , π 1 , T 1 , α 1 and I 2 , π 2 , T 2 , α 2 , respectively, and are characterized by the relative orbital angular momentum ℓ and channel spin s = I 1 + I 2 :
The channel index ν collects the quantum numbers {A − a α 1 I π1 1 T 1 ; a α 2 I π2 2 T 2 ; sℓ}. The intercluster relative vector r A−a,a is the displacement between the clusters' centers of mass and is given in terms of the single-particle coordinates r i by:
(5) The cluster wave functions depend on translationally invariant internal coordinates and are antisymmetric under exchange of internal nucleons, while the intercluster antisymmetrizerÂ ν takes care of the exchange of nucleons belonging to different clusters.
With appropriate boundary conditions imposed on the wave functions of the relative motion γ ν (r), the expansion of Eq. (3) is suitable for describing bound states, resonances and scattering states between clusters. For bound states, expansions (1) and (3) are equivalent, although for well-bound systems where short-range A-body correlations play a dominant role, the convergence of the eigenenergy would typically be more efficient within the NCSM model space defined by Eq. (1).
The unknown relative-motion wave functions γ ν (r) are determined by solving the many-body Schrödinger equation in the Hilbert space spanned by the basis statesÂ ,
are the Hamiltonian and norm kernels, respectively, and E is the total energy in the c.m. frame. When computing Eqs. (7) and (8), the "exchange" terms of the norm kernel arising from the non-identical permutations inÂ ν as well as all localized parts of the Hamiltonian kernel are obtained by expanding the radial dependence of the basis states of Eq. (4) on HO radial wave functions R nℓ (r) according to:
where P indicates the HO model space and
Here, we remind that the A-nucleon microscopic Hamiltonian can be written in the form
whereT rel is the relative kinetic energy between target and projectile,V rel includes all the interactions between nucleons belonging to different clusters after subtraction of the average Coulomb interaction between themV C (r) (see [17] for a detailed discussion on this point), and (a) . The same frequency and consistent model-space size are used in the HO expansions of the clusters and localized parts of the integration kernels. The size N max of the HO model space is the same for states of the same parity, whereas it differs by one unit for states of opposite parity.
While the NCSM/RGM formalism has been fully developed for single-(a = 1) [17] , two-(a = 2) [20] and three-nucleon (a = 3) projectiles [30] , and can be also extended to a = 4 projectiles as well as to three-body clusters [23] , in this work we limit ourselves to the a = 1 case, where the inter-cluster antisymmetrizer is defined asÂ
andP i,A is the permutation operator exchanging the i-th particle in the target with the projectile nucleon, labeled by the index A.
Orthogonalization in the NCSM/RGM
Here, we recall some of the details concerning the orthogonalization of the NCSM/RGM equations (6) that are useful for our further discussion of the NCSMC formalism.
Because of the non-identical permutations in the intercluster antisymmetrizer, the channel states A ν |Φ J π T νr are not orthonormal to each other. In general, we prefer to work with the orthonormalized binary-cluster states
where we introduced the inverse square root of the NCSM/RGM norm kernel (8) . In the following we review how this as well as the square root of the norm kernel are obtained.
As anticipated in the previous section, the "exchange" term arising from the permutations inÂ ν that differ from the identity are obtained using the HO expansion of Eq. (9). Hence, using Eqs. (12) and (10), the r-space representation of the norm kernel can be written as
where we introduced the model-space norm kernel:
The last line of Eq. (14) shows that the r-space representation of the kernel is given by the convolution of the model-space kernel (second term) plus a correction due to the finite size of the model space P (first term). Square and inverse-square roots N
νν ′ (r, r ′ ) can then be defined in an analogous way as:
where the model-space square and inverse square roots N νnν ′ n ′ are obtained from the spectral theorem. The NCSM/RGM Hamiltonian kernel within the orthonormal basis of Eq. (13),
is obtained from the hermitized Hamiltonian kernel,
for which we have borrowed the same notation H νν ′ (r, r ′ ) used previously in Eq. (7).
Finally, the orthogonalized RGM equations read
with the wave functions of the relative motion χ ν (r) related to the original functions γ ν (r) by
For more details on the NCSM/RGM kernels we refer the interested reader to Ref. [17] .
C. NCSMC
The NCSMC ansatz for the many-body wave function includes both A-body square-integrable and (A − a, a) binary-cluster continuous basis states according to:
The resulting wave function (21) is capable of describing efficiently both bound and unbound states. Indeed, the NCSM sector of the basis (eigenstates |AλJ π T ) provides an effective description of the short-to medium-range A-body structure, while the NCSM/RGM cluster states make the theory able to handle the scattering physics of the system. In other words, with the expansion (21) one obtains the coupling of the NCSM with the continuum. Clearly, the NCSMC model space is overcomplete, but this is not a concern, as it will be shown in the following.
NCSMC equations
The discrete (c λ ) and continuous (γ ν (r)) unknowns of the NCSMC wave function are obtained as solutions of the coupled equations
where χ ν (r) are the relative wave functions in the NCSM/RGM sector when working with the orthogonalized cluster channel states of Eq. (13) . These are related to the original wave functions γ ν (r) of Eq. (21) by the relationship (20) . Note, however, that the χ ν (r) appearing in Eqs. (19) and (22) are in general different, i.e., they are solutions of different equations. The NCSM sector of the Hamiltonian kernel is a diagonal matrix of the NCSM energy eigenvalues E λ (2),
while H is the orthogonalized NCSM/RGM kernel of Eq. (17) . Because of the orthogonalization procedure of Sec. II B 1, both diagonal blocks in the NCSMC norm kernel N are identities in their respective spaces
The coupling between square-integrable and binarycluster sectors of the model space is described by the cluster form factor
in the norm kernel, and by the coupling form factor
(26) in the Hamiltonian kernel. Detailed expressions for these form factors are given in Appendix A. The calculation of AλJ π T |Â ν Φ J π T νr overlap matrix elements between NCSM wave functions and binary-cluster states was also discussed in Ref. [36] . We also note that by squaring the absolute value of these matrix elements and integrating over r, one obtains spectroscopic factors.
The NCSMC equations can be orthogonalized in an analogous way to that presented for the NCSM/RGM in Sec. II B 1. To define the square and inverse square root of the NCSMC norm in the r-space representation, we first rewrite Eq. (24) as the convolution of the modelspace norm kernel plus a correction for the finite size of the HO model-space P
where the sum over the repeating indexesλ,ν, n,λ ′ ,ν ′ , and n ′ is implied, the notation R νrνn stands for R nℓ (r)δ νν , and the model-space NCSMC norm is given by:
Here, the model-space cluster form factor is related to the r-space one throughḡ λν (r) = n R nl (r)ḡ λνn (as demonstrated in Appendix A). Accordingly, the square and inverse square roots of N can then be defined as:
Inserting the identity N 
where the orthogonalized Hamiltonian is given by,
and the orthogonal wave functions by:
. (33) 2. Solving the NCSMC equations
At large inter-cluster distances r, the clusters are assumed to interact through the Coulomb interaction only. Hence, the NCSMC equations are solved dividing the space into an internal region, r r 0 , and an external region, r > r 0 , and applying the coupled-channel microscopic R-matrix method on a Lagrange mesh [37] . The separation radius r = r 0 must be large enough to ensure that the wave function of the A-body states |AλJ π T vanishes when approaching the external region, where the asymptotic behavior of the NCSMC solutions is described entirely by the radial wave functions
and
for bound and scattering states, respectively. Here, W l (η ν , κ ν r) are Whittaker functions and H ± l (η ν , κ ν r) are the incoming and outgoing Coulomb functions, with v ν the speed, κ ν the wave number, and η ν the Sommerfeld parameter of the final state being studied. Asymptotic normalization constant for bound states and scattering matrix between initial (i) and final (ν) scattering states are denoted respectively with C
(r) stand for either the non-orthogonalized wave function χ ν (r) or for the orthogonalizedχ ν (r) according to which set of equations, Eq. (22) or (30), is being considered.
One of the advantages of the microscopic R-matrix method is that the wave function in the internal region can be expanded on a set of square-integrable functions. A particularly convenient choice when dealing with non-local potentials, as in our case, is the set of Lagrange functions f n (r) associated with the shifted Legendre polynomials and defined on the mesh points r n ∈ (0, r 0 ) [37] , labeled by the index 1 ≤ n ≤ N . When the Gauss quadrature approximation is adopted, the Lagrange functions are orthogonal to each other. In addition, thanks to the Gauss quadrature approximation and the properties of the Lagrange functions, matrix elements of non-local potentials are proportional to the values of the non-local potentials at the mesh points. The number of mesh points N has to be large enough to guarantee an accurate representation of the wave functions in the internal region up to the matching radius r 0 . Typically, 25 mesh points are sufficient to calculate a phase shift within six significant digits for r 0 = 15 fm.
The matching between internal and external regions, and hence the imposition of the asymptotic behavior of Eqs. (34) and/or (35) , is ensured by the Bloch surface operator (here generalized to account for the A-body square-integrable sector of our basis) (36) and solving the Bloch-Schrödinger equations
The operator H +L is Hermitian when the boundary parameter B ν is real. Because of the Bloch operator, the wave function in the right-hand side of Eq. (37) can be replaced by its asymptotic behavior. When searching for bound states, B ν is chosen in such a way that the right-hand side vanishes, and one is left with the diagonalization problem:
For scattering states, the scattering matrix and the scattering wave functions are computed by solving Eq. (37) with the boundary parameter B ν = 0 for each value of the relative kinetic energy E kin of the projectile-target system. The phase shifts δ(E kin ) can then be extracted from the S-matrix. Energetically open and closed channels are treated on equal footing.
III. APPLICATION TO 7 He
The 7 He nucleus is a particle-unstable system with a J π T = 3/2 − 3/2 ground state lying at 0.430(3) MeV [38, 39] [46] [47] [48] [49] [50] [51] . This contradictory situation arises from the main experimental difficulty of measuring the properties of 7 He excited states in the presence of a three-body background of 6 He plus n (coming from the particle decay of 7 He) plus a third outgoing particle involved in the reaction used to produce 7 He. In addition, as it has been pointed out in one of the most recent experimental works [51] , some of the earlier data could have been affected by background noise coming from the interaction with the carbon target, while a polypropylene (CH 2 ) n target would reduce the background contamination. The presence of a lowlying 1/2 − state has also been excluded at the 90% confidence level by a study on the isobaric analog states of 7 He in 7 Li [52] . According to this work, a broad 1/2 − resonance at ∼3.5 MeV with a width Γ∼10 MeV fits the data the best. Neutron pick-up and proton-removal reactions [48, 49] suggest instead a 1/2 − resonance at about 3 MeV with a width Γ ≈ 2 MeV.
From a theoretical point of view, 7 He is an ideal system to showcase new achievements made possible by a unified ab initio approach to nuclear bound and continuum states such as the NCSMC. Since 7 He is unbound, it cannot be reasonably described within the NCSM. One could calculate its properties using the NCSM/RGM within an 6 He+n binary-cluster expansion. However, the 6 He nucleus is weakly bound and all its excited states are unbound. Consequently, a limitation to just a few lowest 6 He eigenstates in the NCSM/RGM expansion would be questionable especially because, except for the lowest 2 + state, all other 6 He excited states are either broad resonances or simply states in the continuum. As we will show in the following, with the NCSMC these challenges are overcome. Finally, for this study we use the SRG evolved [24] [25] [26] [27] chiral N3LO N N potential (500 MeV cutoff) of Refs. [28, 29] . For the time being, the induced and initial chiral three-nucleon interactions are not included in the calculations, therefore our results depend on the low-momentum SRG evolution parameter Λ. However, by selecting Λ = 2.02 fm −1 , we obtain very realistic binding energies for the lightest nuclei, e.g., the 4 He (see Table I ) and, more importantly for the present investigation, the 6 He. Consequently, this choice of N N potential allows us to perform qualitatively and quantitatively meaningful calculations for 7 He that can be compared to experiment. In the following sections, we discuss the convergence of the NCSMC calculation and compare it to the corresponding NCSM and NCSM/RGM results. We will also address the controversial issue of a low-lying 1/2 − resonance in 7 He.
A. 6 He and 7 He NCSM calculations
We begin our discussion of results with NCSM calculations for 6 He that will generate eigenstates needed as Fig. 1 . The variational NCSM calculations converge rapidly and can be easily extrapolated to N max → ∞ using, e.g., an exponential function of the type E(N max ) = E ∞ + a e −bNmax . Results of such an extrapolation are shown in Fig. 2 where the N max =8, 10 and 12 points were used to determine the fitting parameters. The extrapolated ground-state energy with its error estimate, based on extrapolations at other frequencies and different point selections, and the calculated energy at N max = 12, Ω = 16 MeV are given in Table I . The calculated 6 He g.s. energy agrees quite well with experiment on both the absolute value and the separation with respect to the 4 He+2n threshold. As shown in Fig. 1, at N 
Ω = 16 MeV for the calculation of the other
6 He eigenstates that will be used as input for the NCSM/RGM and NCSMC investigations of the 7 He nucleus. At the same time, we also performed NCSM/RGM and NCSMC calculations with Ω = 19 MeV, to test the stability of our results against this parameter. Calculated 6 He excitation energies for basis sizes up to N max = 12 are shown in Fig. 3 . The 6 He nucleus is a is a weakly-bound Borromean system. All its excited states are unbound, and, except for the lowest 2 + , either broad resonances or states in the continuum. The excitation energy of the 2 + 1 state is fairly stable with respect to the basis size of our NCSM calculations. The higher excited states, however, drop in energy with increasing N max with the most dramatic example being the multi-particle-hole 0 + 3 state. This spells a potential difficulty for the NCSM/RGM calculations as, with increasing density of 6 He states at low energies, a truncation of the model space to include just the few lowest eigenstates becomes questionable. In addition, in a NCSM/RGM study of 7 He one should also consider the contribution of binary-cluster states in which the neutron is coupled to negative-parity states of 6 He, where similar issues arise.
Next we performed NCSM calculations for 7 He ground and excited states, which will serve as input to the NC-SMC calculations described in the next section. The calculated g.s. energy for different basis sizes is shown in Fig. 2 together with the exponential extrapolation and the 6 He g.s. energies discussed earlier. The largest-space values and the extrapolated energies are also given in Table I . The NCSM calculation predicts 7 He unbound in agreement with experiment. However, the resonance energy with respect to the 6 He+n threshold appears overestimated (contrary to the 6 He↔ 4 He+2n case). Obviously, it is not clear that the ad hoc exponential extrapolation is valid for the unbound states. Or, it may have a siz- able systematic uncertainty compared to the bound-state case. Nevertheless, the differences between N max = 12 and extrapolated energies suggest that the fastest convergence rate is obtained for the strongly-bound 4 He and the slowest for the unbound 7 He, as one would expect. Finally, we note that no information on the width of the resonance can be obtained from the NCSM calculation, which is performed in a square-integrable HO basis.
However, we can study the structure of the 7 He NCSM eigenstates by evaluating their overlap functions with 6 He+n binary-cluster channels. These overlap functions, or cluster form factors, g λν (r) [see Eqs. (25), (A1), (A3)] are also one of the inputs to the NCSMC calculations. By integrating g 2 λν (r) over r, we obtain the spectroscopic factors summarized in He states with the former of an almost pure s=5/2 component (with s the channel spin defined in Eq. (4)). Though spectroscopic factors are not observable, they provide valuable information on the structure of the wave function. In the present study, overlap functions and spectroscopic factors are not the final products to be compared to experiment, but rather inputs to more sophisticated NCSMC calculations.
B.
7 He NCSM/RGM and NCSMC calculations
In the following, we present NCSMC calculation for the 7 He nucleus performed within a model space containing the six lowest negative-parity (3/2 Fig. 4 . Here, the channels are denoted using the standard notation 2s+1 ℓ J , e.g., 6 He has no significant influence [see Fig. 4, panel (b) ]. We further observe that the difference of about 0.7 MeV between the NCSM/RGM and NCSMC results for the resonance position is due to additional correlations in the wave function brought about by the 7 He eigenstates that are coupled to the neutron-6 He binary-cluster states in the NC- SMC. Indeed, such A = 7 eigenstates (in the present calculation four 3/2 − states, of which only the 3/2 − 1 produces a substantial effect on the 2 P 3/2 resonance) have the practical effect of compensating for higher excited states of the 6 He target omitted in the NCSM/RGM sector of the basis. These omitted 6 He states include both positive-parity, some of which are shown in Fig. 3 , and negative-parity excitations such as, e.g., the 1 − soft dipole excitation etc. While NCSM/RGM calculations with a large number of excited states of the target or projectile can become prohibitively expensive, the coupling of a few square-integrable NCSM eigenstates of the composite system is straightforward. Because of this, the NCSMC approach offers a superior rate of convergence and is much more efficient, as demonstrated in Fig. 4 .
A similar, although less dramatic, difference between NCSM/RGM and NCSMC calculations is shown in Fig. 5 for the 1/2 − excited state of 7 He. Here, the 2 P 1/2 resonance is quite broad with a slowly increasing phase shift. It is interesting to note that the 1/2 − state couples strongly to the 2 + 2 state of 6 He (the spectroscopic factor is large, see Table II ). This causes a small but visible shift of the 2 P 1/2 phase shift when this state is added to the In Fig. 6 , we present the dependence of the NCSMC 2 P 3/2 , 2 P 1/2 [panel (a)] and 6 P 5/2 [panel (b)] phase shifts on the size of the HO basis in the range 6 ≤ N max ≤ 12. While the variation between N max = 6 and N max = 8 curves is substantial, it becomes quite small between N max = 10 and N max = 12 results. Based on this, we do not expect that an N max = 14 calculation, which at this time is computationally out of reach, would significantly change the present N max = 12 picture.
The NCSM/RGM and NCSMC phase shifts for the n + 6 He five P -wave and the 2 S 1/2 channels are shown in Fig. 7 . All curves have been obtained including the three lowest 6 He states (i.e., the 0 + ground state and the two lowest 2 + excited states) within the N max = 12 HO basis. The model space of the NCSMC calculations [panel (b)] additionally includes ten 7 He NCSM eigenstates, as described at the beginning of this section. The dashed vertical area centered at 0.43 MeV indicates the experimental centroid and width of the 7 He ground state [38, 39] . As expected from a variational calculation, the introduction 
FIG. 7: (color online). NCSM/RGM (a) and NCSMC (b)
6 He + n diagonal phase shifts (except 6 P 3/2 , which are eigenphase shifts) as a function of the kinetic energy in the center of mass. The dashed vertical area centered at 0.43 MeV indicates the experimental centroid and width of the 7 He ground state [38, 39] . In all calculations the lowest three 6 He states have been included in the binary-cluster basis. He resonances. In particular, the 3/2 − ground and 5/2 − excited states of 7 He are pushed toward the 6 He + n threshold, closer to their respective experimental positions. The resonance widths also shrink toward the observed data as we discuss below. We note that we also calculated higher partial waves, e.g. D-waves, in both approaches. However, the corresponding phase shifts are very small and do not present any interesting structures in the energy range displayed in Fig. 7 . Therefore, we did not include them in the figure. Unlike the P -wave resonances, the influence of the 7 He positive-parity NCSM eigenstates on these phase shifts is rather weak.
The experimental centroid of the accepted 3/2 − and 5/2 − resonances in 7 He as well as the possible 1/2 − state at 3.03 MeV [48] are shown in Fig. 8 − resonance is taken from Ref. [48] . The theoretical values for NCSM/RGM and NCSMC correspond to the n− 6 He kinetic energy in the center of mass when the derivative of the phase shift is maximal, see text for details. The information on the width of the states is given in Table III . The calculations are carried out as described in Tab. I, Fig. 7 and in the text. the kinetic energy in the center of mass E kin for which the first derivative of the phase shifts is maximal [57] . The resonance widths are subsequently computed from the phase shifts according to (see, e.g., Ref. [58] ):
where E R is the resonance centroid, evaluated as discussed above, and the phase shift are expressed in radians. Computed widths and E R values are reported in Table III , together with the available experimental data. An alternative, though less general, choice for the resonance energy could be the kinetic energy corresponding to a phase shift of π/2 (dashed horizontal lines in Fig. 7 ). While the procedure of Eq. (39) is safely applicable to sharp resonances, broad resonances would in principle require an analysis of the scattering matrix in the complex plane. Here, we are more interested in a qualitative discussion of the results, and will use the above extraction procedure for broad resonances as well. Though the two alternative ways of choosing E R lead to basically identical results for our calculated 3/2 − 1 resonance, the same is not true for the broader 5/2 − resonance and the very broad 1/2 − resonance. The less general π/2 condition, which is not valid for broad resonances, would result in E R ∼ 3.7 MeV and Γ ∼ 2.4 MeV for the 5/2 − resonance and E R ∼ 4 MeV (see Fig. 7 ) and Γ ∼ 13 MeV for the 1/2 − resonance. Fig. 7 and in the text.
Interestingly, the NCSM eigenenergy for the 3/2 − 1 ground state resonance is close to the energy centroid found within the NCSM/RGM approach. This is accidental as both calculations are deficient in different ways. The NCSM lacks the description of long-range correlations due to the HO basis truncation, while the NCSM/RGM lacks a proper description of short-and medium-range correlations due to the omission of higher excited states of the 6 He target. In the NCSMC, a significant energy shift is brought by the coupling of the two basis, with a quenching of the separation energy by almost 0. − resonance are lower compared to experiment [40, 59] , though our determination of the width should be take with some caution in this case.
In all three approaches considered here, the 1/2 − resonance is predicted below the 5/2 − excited state. At the same time one has to keep in mind that the NCSM approach is not expected to provide a reliable description of broad resonances and that our determination of the 1/2 − resonance position in the NCSM/RGM and NCSMC has to be taken with some caution, as explained above. From an experimental standpoint, the situation concerning the 1/2 − resonance is not clear as discussed in the beginning of this section and documented in Table III . While the centroid energies determined in the experiments of Refs. [48, 49] and [52] are comparable, the widths are very different. Within the present determination of E R and Γ, the NCSMC results are in fair agreement with the 1/2 − properties measured in the neutron pick-up and protonremoval reactions experiments of Refs. [48] and [49] . Our calculations definitely do not support the hypothesis of a low-lying (E R ∼1 MeV) narrow (Γ ≤ 1 MeV) 1/2 − resonance [41] [42] [43] [44] [45] . He + n 3/2 − P -wave eigenphase shifts as a function of the kinetic energy in the center of mass. Calculations are carried out as described in Fig. 7  (b) . See text for further details.
We also note that our NCSMC calculations predict two broad 6 P 3/2 resonances (dominated, respectively, by the first and second 2 + states of 6 He) at about 3.7 MeV and 6.5 MeV with widths of 2.8 MeV and 4.3 MeV, respectively. As shown in Figs. 7 and 9, the corresponding eigenphase shifts do not cross π/2. In Fig. 9 , we present all P -wave eigenphase shifts in a broader energy range up to 10 MeV. There is a considerable mixing of the P waves around the 3/2 − 2 resonance as it can be seen by comparing the eigenphase shifts of Fig. 9 with the diagonal 6 P 3/2 and 4 P 3/2 phase shifts of Fig. 10 . The mixing parameter for other resonances is very small (of course, there is no mixing below the n+ 6 He(2 + 1 ) state threshold). In experiment, there is a resonance of undetermined spin and parity at 6.2(3) MeV with a width of 4(1) MeV [59] .
The level order predicted in other theoretical calculations mostly agrees with our present findings [1, 48, 60] . The widths of the 7 He states were calculated recently in a 4 He+n + n + n cluster model [60] . − diagonal P -wave phase shifts as a function of the kinetic energy in the center of mass. The calculation is carried out as described in Fig. 7 (b) . See text for further details.
with ours, interestingly, the 5/2 − resonance appears in the 4 P 5/2 partial wave rather than in the 6 P 5/2 , as found in our calculations. The 5/2 − P -waves are reversed in Ref. [61] compared to our calculations (see Fig. 10 for the 6 P 3/2 , 4 P 3/2 , 6 P 5/2 , and 4 P 5/2 diagonal phase shifts). The Helium isotope g.s. properties, including those of 7 He, were also recently investigated within the complex coupled-cluster method [62] . Using a realistic lowmomentum N N interaction, the coupled-cluster singles and doubles (CCSD) calculations underbinded substantially the ground states of 3−10 He compared to experiment. However, they correctly predicted 5 He and 7 He unstable with respect to neutron emission. The width of the 7 He ground state resonance, 0.26 MeV is quite close to that calculated here.
Finally, we note that the NCSMC g.s. resonance energy, 0.71 MeV, is lower but still compatible with the extrapolated NCSM value of 0.98 (29) MeV (see Tables I  and III) .
IV. CONCLUSIONS AND OUTLOOK
We introduced a new unified approach to nuclear bound and continuum states based on the coupling of a square-integrable basis (A-body NCSM eigenstates), suitable for the description of many-body correlations, and a continuous basis (NCSM/RGM cluster states) suitable for a description of long-range correlations, cluster correlations and scattering. This ab initio method, which we call no-core shell model with continuum, is capable of describing efficiently: i) short-and mediumrange nucleon-nucleon correlations thanks to the large HO basis expansions used to obtain the NCSM eigenstates, and 2) long-range cluster correlations thanks to the NCSM/RGM cluster-basis expansion. As a conse- − resonance are in fair agreement with the neutron pick-up and proton-removal reactions experiments of Refs. [48, 49] . Our calculations definitely do not support the hypothesis of a low lying (E R ∼1 MeV) narrow (Γ ≤ 1 MeV) 1/2 − resonance. We also predict two broad currently unobserved 6 P 3/2 resonances at about 3.7 MeV and 6.5 MeV, respectively.
The NCSMC calculations do not involve any adjustable parameter except for those used in the construction of the input N N (or three-nucleon) potentials. Computations depend on the size of the HO basis, the HO frequency, and the number of eigenstates included in the model space. We investigate the convergence behavior of the approach with respects to these expansions. Due to the over-completeness of the NCSMC basis, the convergence rate is superior to that achievable with either NCSM or NCSM/RGM. The advantages of the NCSMC are expected to become even more evident in calculations with composite projectiles (such as deuteron, 3 H, or 3 He) that require the use of a large number of pseudostates in the NCSM/RGM (or other cluster-based approaches) to account for virtual breakup effects. The contribution of the pseudostates is expected to be suppressed in the NC-SMC approach. Extension of the NCSMC formalism to the case of composite projectiles, the inclusion of threenucleon interactions, and the coupling of three-body clusters are under way. c.m. ). The resulting expression for the non-orthogonalized cluster form factor in the single-nucleon projectile (a = 1) basis is:
